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MULTIVARIATE ANALYSIS Geometric Interpretation

Heights and Weights of 20 Individuals

X1 X2 Xd1 Xd2 Xs1 Xs2

57 93 -5.85 -30.60 -1.77427 -1.96516
58 110 -4.85 -13.60 -1.47098 -0.87341 X1 Height
60 99 -2.85 -24.60 -0.86439 -1.57984 X2 Weight
59 111 -3.85 -12.60 -1.16768 -0.80918 Xd1 Height: mean centered
61 115 -1.85 -8.60 -0.56109 -0.55230 Xd2 Weight: Mean Centered
60 122 -2.85 -1.60 -0.86439 -0.10275 Xs1 Height: Standardized
62 110 -0.85 -13.60 -0.25780 -0.87341 Xs2 Weight: Standardized
61 116 -1.85 -7.60 -0.56109 -0.48808
62 122 -0.85 -1.60 -0.25780 -0.10275 X1 X2

63 128 0.15 4.40 0.04549 0.28257 Mean 62.85 123.60
62 134 -0.85 10.40 -0.25780 0.66790 St. Dev. 3.30 15.57
64 117 1.15 -6.60 0.34879 -0.42386
63 123 0.15 -0.60 0.04549 -0.03853
65 129 2.15 5.40 0.65208 0.34679
64 135 1.15 11.40 0.34879 0.73212
66 128 3.15 4.40 0.95538 0.28257
67 135 4.15 11.40 1.25867 0.73212
66 148 3.15 24.40 0.95538 1.56699
68 142 5.15 18.40 1.56197 1.18167
69 155 6.15 31.40 1.86526 2.01654
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MULTIVARIATE ANALYSIS Geometric Interpretation

• We can first create two column vectors that take the values of the mean
centered variables for height and weight.

• We can second create two column vectors that take the values of the
standardized variables for height and weight (with mean  and standard!
deviation "ÑÞ

• Together, these two standardized column vectors form a  matrix  given by:

\= =" =#œ  B B 

• Each row of this matrix corresponds to one object (person) measured on
two different characteristics (height, weight).

• By displaying all points in the same coordinate system, one can clearly visualize
the pattern of observations and the position of each point relative to one
another. This type of representation is known as a scatter plot.
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MULTIVARIATE ANALYSIS Geometric Interpretation

Scatter Plot of Height and Weight of 20 Individuals

Conclusion: Height and Weight are positively correlated.
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MULTIVARIATE INFERENCE  Joint Normal Distribution

• Perhaps the joint normal distribution is a good model to describe the joint
variation in height and weight of our multivariate sample of height and
weight combinations of individuals.

 

• Hence now we need to estimate   a mean vector and a covariance matrix.
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MULTIVARIATE INFERENCE  Joint Normal Distribution

• Probability density function of a bivariate normal distribution À
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• :Definition Covariance Matrix

D œ IÒÐ  ÑÐ  Ñ Ó Z +<Ð\Ñ œ IÒÐ\  Ñ Óß œ IÒ\ÓÑ\ \. . X # (  Recall: . .

Ð8 ‚ " † " ‚ 8 Ñ œ Ð8 ‚ 8-matrix) ( -matrix -matrix)

• How do we estimate the mean vector  and the variance covariance matrix. D
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MULTIVARIATE INFERENCE Mean Vector Estimation

• a joint distribution (withLet be a random sample from \ \ \" # 8ß ß á ß
dimension 7Ñ with mean vector and covariance matrix where the -. Dß 7
dimensional vectors , are independent. Then\3 3 œ "ßá ß 8  

\ \œ
"

8

3œ"

8

3

is  and an unbiased estimator of the mean vector . its variance
covariance matrix is . In other words: "

8D IÒ\Ó œ .. Also:

G9@Ò \ \\Ó œ IÒÐ  ÑÐ  Ñ Ó œ
"

8
. . X D

 For convenience we shall  write vectors only in a  andfrom hereon bold font
not underline them anymore.

•  See the analogy to the univariate case with and IÒ\Ó œ Z Ò\Ó œ Î8. 5#

(Given random sample , ,  ).Ð\ ß á ß\ Ñß \ µ \ IÒ\Ó œ Z Ò\Ó œ" 8 3
#. 5
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MULTIVARIATE INFERENCE Covariance Matrix Estim.

• a joint distributionLet be a random sample from  with\ ß\ ß áß\" # 8

dimension  mean vector and covariance matrix7ß Ð7 ‚ "Ñ Ð7 ‚7Ñ. D ß
where the vectors , are independent. ThenÐ7 ‚ "Ñ 3 œ "ßá ß 8\3   

W œ \ \ \ \
"

8  "
Ð  ÑÐ  Ñ Ð7 ‚7Ñ

3œ"

8
X

3 3 is an matrix and

is  i.e.an unbiased estimator of the variance covariance matrix D, 
IÒWÓ œ D, where the expectatios are taken elements wise.

• See the analogy  to the unbiased estimator for in the univariate case5#

W œ Ð\ \Ñ
"

8  "
# #

3œ"

8

3
Example: Height-Weight data

\ W œœ ß
'#Þ)& "!Þ)( %%Þ&#
"#$Þ'! %%Þ&# #%#Þ%'   
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MULTIVARIATE INFERENCE Matrix Determinant

• In the situation of  it is usefull to obtain more than two variables a single
measure of linear dependence between them. The most common
measure for this purpose is  of the variance-the matrix determinant l lD
covariance matrix . To understand why, consider the 2-dimensional case:D

D Dœ ß l l œ Z Ò\ ÓZ Ò\ Ó  G9@ Ò\ ß\ Ó
Z Ò\ Ó G9@Ò\ ß\ Ó

G9@Ò\ ß\ Ó Z Ò\ Ó " " #

" # #
" # " #

#

• Thus, in the 2-dimensional case isthe matrix determinant  directly
linked to the covariance between and i.e. \ \ ß G9@Ò\ ß\ Ó" # " #  and:

G9@Ò\ ß\ Ó œ ! Í l l œ Z Ò\ ÓZ Ò\ Ó" # " # D

•  However, the  of  is attained when  and highest value l l G9@Ò\ ß\ Ó œ !D " #

the smallest value is attainend when  for some constants \ œ +\  ,2 " +
and , i.e. when  is a linear transformation of ., \ \# "

• Hence,  of  the   and the higher the value l l \ \D less linearly dependent " 2
are.
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MULTIVARIATE INFERENCE Matrix Determinant

Example: Height-Weight data

W œ
"!Þ)( %%Þ&#
%%Þ&# #%#Þ%' ,

l l œ Ð"!Þ)( ‚ #%#Þ%'Ñ  Ð%%Þ&# ‚ %%Þ&#Ñ ¸ '&%Þ"(W
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MULTIVARIATE INFERENCE Geometric Interpretation

• The EXCEL function MDETERM calculates  for more than 2 variables.l lD

• The value of   due to l lD may be dominated by one variable a difference in
scale between the two variables (leading to a comparatively large variance of
one of the variables). The same is true for the value of G9@Ð\ ß\ ÑÞ" #

 • To obtain a multivariate degree of dependence measure one first
standardizes the data and one calculates the correlation matrix and itsV 
determinant| |. That matrix is also V V the correlation matrix of the
original data set.  In two dimensions  (i.e. the standardized3Ð\ ß\ Ñ" #

covariance) measures the degree of linear dependence.

Example: Height-Weight data

V œ
" !Þ)'(

!Þ)'( " ,

l l œ "  Ð!Þ)'(Ñ ¸ !Þ#%)V #



EMSE 4765 NOTES by J.R. van Dorp J.R. van Dorp;  ; Page 12dorpjr@gwu.edu

MULTIVARIATE INFERENCE Geometric Interpretation

• It can be shown that À

l l œ = l Z +<Ò\ Ó lW Vl œ Vl    
3œ" 3œ"

8 8

33 3

 (which is why  also is referred to as the generalized variance.)l lW

Example: Height-Weight data

l l ¸ !Þ#%) l l œ Ð"!Þ)( ‚ #%#Þ%'Ñ ‚ !Þ#%) ¸ '&%Þ"(V W, 
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MULTIVARIATE INFERENCE Geometric Interpretation

• Note that:

V Í Vœ l l œ " Í Ð\ ß\ Ñ œ !
" !
! "  3 " #

The highest value of  is attained when  and l l Ð\ ß\ Ñ œ !V 3 " # the smallest
when \ œ +\  ,2 "  for some constants  and , i.e. when .+ , Ð\ ß\ Ñ œ "3 " #

Hence,  of  the  and the higher the value less linearly dependentl l \ \V   " 2
are. The above interpretation of  carries over to .l lV more than 2 dimensions

• BE CAREFULL! The closer to the higher the! the value of  is, l lV
degree of linear dependence (referred to as multi-colinearity in
dimensions higher than #Ñ l l œ ". When the value of  there is V no
colineariy present within the data.

• Thus the direction of  is opposite to that of the correlation coefficientl lV
3Ð\ ß\ Ñ" # .

3 ‘Ð\ ß\ Ñ œ „ " Í \ œ +\  , +ß , −" # # "  for some 

• Also , whereas l l  !  " Ÿ Ð\ ß\ Ñ Ÿ "ÞV 3 " #
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MULTIVARIATE INFERENCE Recall Univariate Test

Recall univariate -hypothesis test>

Significance: 10.00%
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MULTIVARIATE INFERENCE Hotelling TestX #

Reject when  Reject when L Í L! !lX l   >8"ß"α
#

X   ># #
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• Let  be an  sample from a .\ \" 8ßá ß 3Þ3Þ.Þ QZ RÐ ß Ñ:-dimensional . D

Thus the vectors are independent but the elements of the vectors are not.
Then with andsample mean vector  sample variance covariance matrix:

\ œ \ W œ \ \ \ \
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8
X

we can now define the Hotelling -statistic for a multivariate normalX #

sample

X œ 8Ð Ñ Ð Ñ#
! !\  W \ . .X "

which is a direct generalization of the -statistic for X a univariate normal
3Þ3Þ.Þ sample.
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MULTIVARIATE INFERENCE Hotelling TestX #

Hotelling showed that:
8 :

Ð8 "Ñ:
‚ X µ J#
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Example: Height-Weight data
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MULTIVARIATE INFERENCE Two Sample Mean Test

• Recall the ( )% univariate confidence interval"!! "  α  for :. ." #

ÐB  CÑ „ > ‚ W  W œ
" "

8 7 8 7 #

Ð8  "ÑW  Ð7 "ÑW
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This  for testing  two-sample -test> L À  œ! " # !. . ? assumes that the
variances of the univariate normal random samples  areÐ\ ßáß\ Ñ" 8

Ð] ßáß] Ñ" 7  the same:

Test statistic value:  > œ
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(upper-tailed)
(lower-tailed)

or (two-tailed)L À  Á >  > >   >" " # ! ! !87#ß" Î# 87#ß" Î#. . ? α α

:-values can be constructed in a similar fashion as before.
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MULTIVARIATE INFERENCE Two Sample Mean Test

Let  now be an -dimensional sample from\ \"" "8ßá ß 3Þ3Þ.Þ :  population 1:

QZ RÐ Ñ. D" "ß . 

Let  now be an -dimensional sample from \ \#" #7ßá ß 3Þ3Þ.Þ : population 2:

QZ RÐ Ñ. D# #ß . 

Then with sample mean vectors and sample variance covariance matrices
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\ œ \ W œ \ \ \ \2 2
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3 # #3 # 3 #, 
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(The first subscipt, 1 or , denotes the population)#

We can now define another -statisticX \ \#  with  and :\ \"" "8ßá ß #" #7ßá ß
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MULTIVARIATE INFERENCE Two Sample Mean Test

The for testing  is:two-sample multivariate  statistic X # L À œ! !. . ?" #

X œ   Ó    Ó
" "

8 7
# X

! !

"

[ [ ,\ \ W \ \" :996/. "2 2? ?  
where  is:the pooled variance covariance matrix

W
W W

:996/.
" #

œ
Ð8  "Ñ  Ð7  "Ñ

8 7 #

This is a direct generalization of the two-sample T-statistic for univariate
normal  samples .3Þ3Þ.Þ with the assumption that the variances are the same
Thus here too the following assumption is required to be able to to conduct this
hypothesis tests (and this assumption should be tested) being:

D" œ ÞD#

In that case:

Ð8 7 :  "Ñ

Ð8 7 #Ñ :
‚ X µ J#

: 87:",
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MULTIVARIATE INFERENCE Two Sample Mean Test

Example Wisconsin Power Data:
Samples of sizes  and  were taken of Wisconsin homeowners with8 œ %& 7 œ &&
and without airconditioning, respectively. (Data courtesy of Statistical Laboratory,
University of Wisconsin). Two measurements of electrical usage (in kilowatt hours)
were considered. The first is a measure of  consumptions (total on-peak \ Ñ"
during July 1977 and the second is a measure of  consumption )total off-peak Ð\#

during July 1977. (The off-peak consumption is higher than the on-peak
consumption because there are more off-peak hours in a month). The resulting
summary statistics are:

With AirCo: B W" œ ß œ ß 8 œ %&
"$)#&Þ$ #$)#$Þ%
#$)#$Þ% ($"!(Þ%   #!%Þ%

&&'Þ' "

Without AirCo: B W# œ ß œ ß 7 œ &&
)'$#Þ! "*'"'Þ(
"*'"'Þ( &&*'%Þ&   "$!Þ!

$&&Þ! #

W
W W

:996/.
" #

œ œ
Ð8  "Ñ  Ð7  "Ñ

8 7 #

"!*'$Þ( #"&!&Þ&
#"&!&Þ& '$''"Þ$ 
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MULTIVARIATE INFERENCE Two Sample Mean Test

• We want to test: L À Ð  Ñ œ œ! !! " #
X X

!. . ?  X

X œ   Ó    Ó
" "

8 7
# X

! !

"

[ [\ \ W \ \" :996/. "2 2? ?  

œ      #!%Þ%  "$!Þ! %%$Þ! )')Þ* #!%Þ%  "$!Þ!
&&'Þ'  $&&Þ! )')Þ* #&(#Þ# &&'Þ'  $&&Þ!

X "

œ ¸ "'Þ!(
(%Þ% %%$Þ! )')Þ* (%Þ%
#!"Þ' )')Þ* #&(#Þ# #!"Þ'     X "

Ð8 7 :  "Ñ Ð%&  &&  $Ñ

Ð8 7 #Ñ: Ð%&  &&  #Ñ#
X œ "'Þ!( ¸ (Þ*&  J ¸ $Þ!*#

#ß*(ß!Þ*&

Conclusion: Reject  (i.e. there is a difference between airconditioningL!

and no airconditioning consumption).
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MULTIVARIATE INFERENCE Two Sample Mean Test

•  In the case that sample sizes are large, the assumption  may beD D" #œ
relaxed . In that case:to allow for D D" #Á

X œ   Ó    Ó
8 7

# X
! !

"

[ [\ \ \ \
W W

" "
" #

2 2? ?  
 and

X µ# #
:;

Example Wisconsin Power Data:

B W" œ ß œ ß 8 œ %&
#!%Þ% "$)#&Þ$ #$)#$Þ%
&&'Þ' #$)#$Þ% ($"!(Þ%   "

B W# œ ß œ ß 7 œ &&
"$!Þ! )'$#Þ! "*'"'Þ(
$&&Þ! "*'"'Þ( &&*'%Þ&   #

W W" #

8 7
 œ

%'%Þ# ))'Þ"
))'Þ" #'%#Þ" 
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MULTIVARIATE INFERENCE Two Sample Mean Test

X œ   Ó    Ó
8 7

# X
! !

"

[ [\ \ \ \
W W

" "
" #

2 2? ? 

œ      #!%Þ%  "$!Þ! %'%Þ# ))'Þ" #!%Þ%  "$!Þ!
&&'Þ'  $&&Þ! ))'Þ" #'%#Þ" &&'Þ'  $&&Þ!

X "

œ ¸ "&Þ''
(%Þ% %'%Þ# ))'Þ" (%Þ%
#!"Þ' ))'Þ" #'%#Þ" #!"Þ'     X "

X ¸ "&Þ''  ¸ &Þ**# #
#ß!Þ*&;

Conclusion: Reject  (i.e. there is a difference between airconditioningL!

and no airconditioning consumption).
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MULTIVARIATE INFERENCE Two Sample Covar. Test

Box's M test for equal covariance matrices when 8ß7  #!ß :  &ß 5  &:

L À œ ß! D D" # in this example we have 5 ´ œ ## Matrices 

W
W W

W W W W

:996/.
" #

" "
" #:996/. :996/.

œ ß
Ð8  "Ñ  Ð7  "Ñ

8 7 #

Q œ Ð8  "Ñ Ðl l  Ð7  "Ñ Ðl l

œ   ß
#:  $:  " " " "

'Ð:  "ÑÐ5  "Ñ 8  " 7 " 8 7 5

Ð"  ÑQ µ ß

ln ln

#

# ;

#

#
.0

 
where .0 œ :Ð:  "ÑÐ5  "ÑÎ#Þ

Example Wisconsin Power Data:

W W

W
W W

" #œ ß 8 œ %&ß œ ß 7 œ &&
"$)#&Þ$ #$)#$Þ% )'$#Þ! "*'"'Þ(
#$)#$Þ% ($"!(Þ% "*'"'Þ( &&*'%Þ&

œ œ
Ð8  "Ñ  Ð7  "Ñ

8 7 #

"!*'$Þ( #"&!&Þ&
#"&!&Þ&

   
 :996/.

" #

'$''"Þ$
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Conclusion: Reject the null hypothesis that the covariance matrices are the same.
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Box's M test for equal covariance matrices when sample sizes are small:
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Example Wisconsin Power Data:
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Conclusion: Reject the null hypothesis that the covariance matrices are the same.
Typically  is set at % due to sensitivity of the Box's  test.α !Þ" Q
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